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ON THE OPTIMAL CONSTANTS IN KORN’S AND 
GEOMETRIC RIGIDITY ESTIMATES, 

IN BOUNDED AND UNBOUNDED DOMAINS, 
UNDER NEUMANN BOUNDARY CONDITIONS 

MARTA LEWICKA AND STEFAN MULLER 


Abstract. We are concerned with the optimal constants: in the Korn in¬ 
equality under tangential boundary conditions on bounded sets Q C R n , and 
in the geometric rigidity estimate on the whole R 2 . We prove that the latter 
constant equals \/2, and we discuss the relation of the former constants with 
the optimal Korn’s constants under Dirichlet boundary conditions, and in the 
whole R n , which are well known to equal y/2. We also discuss the attainability 
of these constants and the structure of deformations/displacement fields in the 
optimal sets. 


1. Introduction and the main results 

In this paper we are concerned with the optimal constants in the Korn inequality 
mm and in the Friesecke-James-Miiller geometric rigidity estimate ms. 

Let 17 be an open, bounded, and connected subset of M" with Lipschitz continu¬ 
ous boundary. The Korn inequality unurunsi states that there exists a constant 
C(17) depending only on 17, such that for all u £ IU 1 ’ 2 (17, K ra ) there holds: 

(1.1) min ||Vii- A|| L 2 (n) < C(17)||D(u)|| i 2 (n) , 

AEso(n) 

where by D(u) = i (Vu + (Vu) T ) we mean the symmetric part of Vit. 

Let now n denote the outward unit normal on 917. Given HD, it is not hard 
to deduce (see Lemma 12.11) the following version of Korn’s inequality subject to 
tangential boundary conditions. Namely, there exists a constant k( 17), depending 
only on 17, such that for all u £ TU 1,2 (17, R n ) satisfying u ■ n = 0 on 917 there holds: 

(1.2) min || Vu - A|| L 2 (n) < K(17)||D(u)|| L 2 (n) , 

where by Lq above we denote the linear space of skew-symmetric matrices that are 
gradients of affine maps tangential on the boundary of 17: 

Ln = {A £ so(n ); 3a el" VT £ 917 (Ax + a) ■ n(x) = 0} . 
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The optimal constant in (11.21) is given by: 

k(£1) = sup < min ||Vu — T|| L 2 (q\; u G W 1,2 (fi, R"), u ■ n = 0 on dfl 
AGLn 

(1.3) 1 

and ||H(u)|| L 2 (n) = 1 


and we aim to study its relation to Korn’s constant in the whole R", which is \/2 
(see Lemma £3: 

(1.4) «(R") = sup |||Vu|| La(R - ); u G W 1,2 (R n ,R n ), |P(m)|| L 2 (r „) = l| = yfi. 

In this setting, our first set of main results is: 


Theorem 1.1. For any open, bounded, Lipschitz, connected Q C R": 

(1.5) k(H) > k(R") = y/2. 

In fact, k (12) may be arbitrarily large. In Example 13.31 we will recall our con¬ 
struction in m which implies that for a sequence of thin shells around a sphere, 
the Korn constants go to oo as the thickness goes to 0. On the other hand, as we 
show in Example 13.21 there is: k([0,1] 2 ) = V2.Q We however have: 

Theorem 1.2. Assume that there exists a sequence {uk}^LUk G IK 1,2 (n,R”), 
Uk • n = 0 on dtt, with the following properties: 

(i) Uk converges to 0 weakly in W 1,2 (fi,R n ), 

(ii) W D M\\mn) = 1, 

(hi) lim fc —>•00 l|Vu fc || L 2 (n) = k(Q). 

Then k(I2) = y/2. 

Theorem 1.3. If k(H) > \/2 then the supremum in the definition m is attained. 
More precisely, for every Aq G Lq there exists u G W 1,2 (fi, R ra ), such that u- n = 0 
on dfl, D(u ) ^ 0, and: 

(1.6) min ||Vu - v4|| L 2 (n) = ||Vu - ^olli^n) = «(^)||-D(«)IU 2 (fi)- 

AGso(n) 

Theorem 1.4. The vector fields u for which Korn’s constant n(Ct) is attained: 

(1.7) G W 1 ’ 2 (n,R n ); u-n = Oondfl, u satisfies (11.61) for some An G To j: 

form a closed linear subspace of W 1,2 (Q, R ra ). Moreover, if k(S2) > y/2 then this 
space is of finite dimension. 


In the second part of this paper we concentrate on the nonlinear version of Korn’s 
inequality, namely the Friesecke-James-Muller geometric rigidity estimate mm- n 
states that for an open, bounded, smooth and connected domain H C R", there 
exists a constant K n i(fl) depending only on fl, such that for every u G W 1,2 (ft, R") 
there holds: 

(1.8) min ||Vu - i?|| L 2 (n) < K n z(^)||dist(V?i, S'O(n))|| L 2 (n) . 

R€SO(n) 

^We are able to prove that for smooth domains there always holds: ac(Q) > \/2. The proof of 
this fact will appear elsewhere. 
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Define: 


(1.9) 


K n ;(R n ) = sup < min 77 

1 R<ESO(n) ||dist(Vu,50(n))|| L 2( K n) 


Vu fl|U a (R») • u g W^ 2 (R n ,R n ), 


dist(Vu, SO(n)) ei 2 (R n )\{0} . 


Our results in this context are restricted to dimension 2: 


Theorem 1.5. We have: «: ra z(K 2 ) = \/2. In particular: 


Vu G Wi’ c 2 (R 2 ,K 2 ) dist(Vu, 50(2)) G L 2 (R 2 ) => 

min ||Vu-i?||i 2 ( R 2 ) < v/2||dist(Vu,50(2))|| L 2( R2 ). 

i?G50(n) 


Theorem 1.6. For every rotation Rq G 50(2) there exists u G W^’ 2 (R 2 ,M 2 ) with 
dist(Vu, 50(2)) G L 2 (R 2 ) \ {0} such that: 


( 1 . 10 ) 


min 

ReSO( 2 ) 


|| VU - i?||i2( R 2) 


||Vu — l?o||i 2 (R 2 ) 
v / 2||dist(Vu(o;),50(2))|| i 2 (H 2). 


Theorem 1.7. The vector fields for which the nonlinear Korn constant in ED is 
attained, namely: 

{u e ^(R 2 ,^ 2 ); dist(Vu, 50(2)) G i 2 (R 2 ), 

u satisfies (11.101) for some Rq G 50(2) | 


have the defining property that their gradients are of the form: 

(1-H) 


V«(i) = RoR(a(x)) + 


with R{a) = 


cos a — sm a 
sin a cos a 


a(x) b{x) 
b(x) — a(x) 

for some a,a,b G L 2 (R 2 ). Conversely, for every a G L 2 (R 2 ) there exists a,b G 
L 2 (R 2 ) and u G W^’ 2 (R 2 ,M 2 ) such that 1 1.1 (A ) and Sl.ll] ) hold. 


The proofs of the three Theorems above are independent from the proof of CD 
in [7]. They rely on the conformal-anticonformal decomposition of 2 x 2 matrices, 
and it is not clear how this construction and methods could be extended to yield a 
result in higher dimensions n > 2 . 

There is an extensive literature relating to Korn’s inequality and its applications, 
notably in linear elasticity EaEmap. On the other hand, the nonlinear estimate 
CD plays crucial role in models in nonlinear elasticity mm- Indeed, the relation 
between these two estimates is clear if we recall that the tangent space to SO(n) at 
Id is so(n). The blow-up rate and properties of k( fl) for thin spherical-like domains 
around a given surface were studied in Il2j . The relations of /c(fl) with the measure 
of axisymmetry of Q have been discussed in [5] . An interesting extension of both 
Korn’s and the geometric rigidity estimates under mixed growth conditions has 
been recently established in [4j. 
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2. Preliminaries 


Recall that the linear space of skew-symmetric matrices is: 

so(n) = {Ae R nxn ; A = -A T } 

while SO{n ) stands for the group of proper rotations: 

SO(n) = {R£ R" xn ; R T = iT 1 and det R = 1 }. 

The scalar product and the (Frobenius) norm in the space of n x n (real) matrices 
R nxn are given by: 

A : B = tr {A T B) |y4 | 2 = A: A. 

We first notice the following characterization of the minimiser in (11.21) : 

Lemma 2.1. Let u £ W 1,2 (Q, R ra ), u-n = 0 on dfl. Then the minimum in the left 
hand side of CUP is attained , uniquely, at: 

Ao = Pin / Vm, 

Jn 

where Pl q denotes the orthogonal projection ofW lxn on Lq. 

Proof. Let Aq £ Lq be a minimiser of || Vu— A\\ 2 l2 ,q^ over Lq. Taking the derivative 
in the direction of A £ Lq, one obtains: 

Vdeifi [ (Vu - A 0 ) : A = 0. 

Jn 

Equivalently, there holds: 

(£ V'U - A 0 ^j £ Lq, 

which implies the lemma. H 

For convenience of the reader, we now sketch the proof of m- 


Lemma 2.2. For every open, Lipschitz, connected Q C R", the Korn constant 
under Dirichlet boundary conditions equals \/2: 

(2.1) Ko (tt) = sup{||VR|| L2(n) ; «e< 2 (n,r), \\D(u)\\ L ^ n) = 1} = V2. 


Proof. For every u £ 1F 1,2 (0,R”) we have: 


( 2 . 2 ) 


>J \D(u)\ 2 = J |Vu| 2 + J Vm : (Vu) T = J |Vit| 2 + J tr(Vw) 2 
= J |Vw| 2 + J |div u\ 2 + J (tr(Vu) 2 - (trVw) 2 ) . 


When, additionally, is bounded and u £ Wq’ (fi,R”), this implies that: 


! [ \D(u)\ 2 = [ |V«| 2 + [ |div u\ 2 , 
Jq J J 


because (tr(Vn) 2 — (trVu) 2 ) is a null-Lagrangean, i.e. its integral depends only 
on the boundary value of u on dLt. We therefore conclude that, in this case: 
||Vu||i 2 (Q) < \/2\\D(u)\\l,z{Q)- The same inequality is also true on unbounded 
domains, because of the density of C(?°(f2,R n ) in Wq’ 2 (LI, R"). 
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To prove that ypl is optimal and that it is attained, it is enough to take u £ 
Cf°(Ll,R n ) with div u = 0 (when n = 3, take u = curl v for any compactly sup¬ 
ported v). This achieves the proof. ■ 


We now recall the Poincare inequality for tangential vector fields. The proof, 
which can be found in pQ, is deduced through a standard argument by contradiction. 

Lemma 2.3. Let f l C R" be an open, bounded, Lipschitz set. For every u £ 
W 1 , 2 (f2, R"), u ■ n = 0 on dLl, there holds: 

(2.3) |M|l 2 (q) < C(fi)||Vii|| ia(n) , 

where the constant C(Cl) depends only on LI (it is independent of u). 


3. The optimal Korn constant k(L i): a proof of Theorem 11. 1 1 and two 

EXAMPLES 

In the course of proof of Theorem 11.11 we will use the following observation: 
Proposition 3.1. For any f £ L 2 (R n ) there holds: 

lim R~ n / 2 \\f\\ LHBR) =0, 

R—>oo 

on the ball Br = {x £ R", \x\ < R}. 

Proof. Fix e > 0. For m sufficiently large, one has ||/||L 2 (R"\B r „) < e - Denote by uj n 

( m \ n / 2, 

—J 

e. Then: 


)< 


R~ n/2 \\ 


(7 1/1 + / I/I 

\JB R \B m J B m J 


I l^(b r ) - R n/2 

< i?"" / 2 |B K r /2 e + I? _n/ 2 |B m | 1 / 2 

+' + GD ” /2 + 2||/||ti <«-> £2 + 2 


< UI 1 
— ^n 


L 2 (R") 

e, 


which achieves the proof. 


Proof of Theorem 11.11 

1. Without loss of generality we may assume that 0 £ LI. Let u £ IF 1,2 (R”, R") 
with ||D(it)|| i 2 ( R n) = 1. Define the sequence Uk £ W 1 ’ 2 (R n ,R”) by: Uk{x) = 
k n / 2 ~ 1 u(kx). One has: 

IIVUfcH^^) = ||Vtl||l,2( R n), ||D(Ufe)|| i 2( R n) = ||D(u)|| i 2 ( R „) = 1. 

Let now (f> £ Cf°(Ll) be a nonnegative function, equal identically to 1 in a neigh¬ 
borhood of 0, and define: Vk = f>Uk- Clearly Vk £ Wo(fl,R") and: 

Vwfe = i jNuk +Uk ® V0. 

We claim that: 

(3-1) lim UVufcHiqo) = 0, 

k —>-oo 

(3.2) ||Vw fc || L 2 (n) = ||Vzi||/,2( R n), 

(3.3) Jim, ||+ , (u/ c )|| L 2 (f2) = ||L>(u)|| L 2 (K „) = 1. 
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To prove the claim, notice first that: 

lirn ||it fc <g> V(/>\\ L 2(n) < 

k^yoo 

On the other hand, for all *, j : 1... n: 


lirn \\u k < 8 > V 0 || L 2 ( n) < lim ||V 0 ||Loofc 1 ||it||i 2 ( R n ) = 0 . 

k—too k —^oo 


d 



d , 

2 • f 

lim 

(j)— — u{ 

= lim / 

k —^00 

^ dxi k 

L 2 (n) k—yoo J Rn 


(/>(x/k)—u J (x) 

dxi 


2 

d 

dx = 

OXi 


l 2 ( n) 


Thus we obtain (13.21) and (13.31) . Similarly: 

lim || 0 Vrtfe|| L i (n) < lim ||<(>||L~fc _n/2 || Vu|| L i (fcn ) = 0 , 

where the last equality follows by Proposition 13.II Hence we conclude m as well. 
2. Notice that by Lemma T2. II 

Vua, - P in -f 
Jn 


min ||V« fc - A|| L 2 (q) = 

AeL n 


Vi't 


> HVtfcU^n) - 


j 

J n 


-L n T 

/ n 


u 2 (n) 


l 2 ( n) 

> ||Vv fc || ia(n) - |0|- 1 / 2 ||Vu fe || L i (n) . 


Now, by m and (13.21) . the right hand side of the above inequality converges to 
II Vrt||i 2 ( R n) as k —> oo. On the other hand, by m and COD, the left hand side is 
bounded by K(fl)||I?(ufc) Therefore, passing to the limit and using (13.31) . we 

obtain: 

||Vlt|| L 2( R n) < K(f2)||D(u)|| i 2( R „) = k(Q). 

Recalling the definition m the theorem follows. ■ 


Example 3.2. We now show that n(Q) = a/ 2 for Q = [0, l ] 2 C R 2 . 

Firstly, observe that (see Theorem 9.4 P3]) Lq ^ {0} if and only if Q has a 
rotational symmetry. When this is not the case, then: 


(3.4) 


/t(fl) = sup < JL., '.f' (n) : u £ W 1 , 2 (f 2 ,R"), u ■ ft = 0 on dfl 

I I|£>wIIl 2 (Q) 


In view of (13.41) and Theorem o it is hence enough to prove that for every u £ 
H /1 ’ 2 (<5,R 2 ) satisfying u 1 ( 0 ,X 2 ) = u 1 (l, X 2 ) = 0 and m 2 (x 2 , 0 ) = u 2 (:ri, 0 ) = 0 for 
all Xi,X 2 £ [ 0 , 1 ], there holds: 

(3-5) [ |Vu | 2 < 2 [ \D(u)\ 2 . 

JQ JQ 

Consider first a regular vector field u £ C 2 (Q,R 2 ). As in (12.21) . we obtain: 

(3.6) f \D(u)\ 2 = \- f |Vrt | 2 + i f |div m| 2 + f {d\u 2 & 2 U 1 — d^u 1 d 2 U 2 ). 

JQ 2 JQ 2 JQ JQ 

Note that: 

f (d\u 2 d2v} — d\v}d2U 2 ) = f d\{u 2 d2U 1 )— f d2(u 2 d\u 1 ), 

JQ JQ JQ 

and that both terms in the right hand side of the above equality integrate to 0 on 
Q, because of the assumed boundary condition. Thus, m yields (13.51) for u £ C 2 . 

It now suffices to check that every u £ W 1,2 {Q 1 R 2 ) with u ■ n = 0 on dQ 1 
can be approximated by a sequence of C 2 (Q,R 2 ) vector fields satisfying the same 
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boundary condition. To this end, define the extension u 1 £ fF 1 , 2 ([0,1] x [— 1 , 2],R) 
of the component u 1 £ W 1,2 (<3,R), by: 

f w 1 (a:) if i 2 6 [ 0 , 1 ] 

Vaii £ [ 0 , 1 ] Vx 2 £ [— 1 , 2 ] u 1 (a;) = < ^(aq,— x 2 ) if x 2 £ [— 1 , 0 ] 

[ u\x\, 2-x 2 ) if x 2 £ [ 1 , 2 ]. 

Let 4> : (—1,2) —> R be a nonnegative, smooth and compactly supported function, 
equal to 1 on [0,1]. Then fiu 1 £ Wj’ 2 ([0,1] x [— 1, 2], M.), and thus <jm 1 can be ap¬ 
proximated in W 1 ’ 2 by a sequence v} k £ C£°([0,1] x [—1, 2], R). Clearly, u\ converges 
to u 1 on Q , and each u\(x) = 0 whenever X\ £ {0,1}. 

In a similar manner, we construct smooth approximating sequence {u k }k> i- 
Writing Uk = (u\, w 2 .) £ C°°(Q, R 2 ), we obtain the desired approximations of u. ■ 


Example 3.3. We now recall the construction m of a family of domains Q h C R” 
parametrised by 0 < h <C 1 , with the property that: 

n(n h ) —> oo as h —> 0 . 

Let S denote the (n — l)-dimensional unit sphere in R ra and let g : S —> (0, |) be a 
smooth function on S. Define: 

tt h = |(1 + t)x; x £ S, t £ ( hg(x ) — h, hg(x)) j. 

Clearly, we may request from function g to be such that no tt h has any rotational 
symmetry, and hence L^h = {0} implies (13.411 for all h. 

Let now v : S —» R" be a tangent vector field given by a rotation: v(x) = a x x, 
for some a £ R". Define u h £ W 1,2 (Q h , R ra ): 

u h (x + tx) = ^(1 + f)Id + hx® V g{x) s jv{x) = (1 + t){a x x) + (a, x x Vg( x))x. 

One can check that u h is tangent at l h and that: 

\\Vu h \\ L ^ ah) > Ch 1 ' 2 , \\D(u h )\\ L 2 {nh) < Ch 3/2 . 

Hence we conclude the blow-up of Korn’s constant: n(p, h ) > Ch _1 in the vanishing 
thickness h -» 0 . ■ 


4. The optimal Korn constant k(Q): proofs of Theorems 11.21 fOl and 

nn 


Proof of Theorem 11.21 

1. From (ii) and (iii) we see that the sequences: 

{|Vu fe | 2 xn da;}£Lr and {\D(u k )\ 2 xn da:}^ 

are bounded in the space of Radon measures A4(R”). Therefore (possibly passing 
to subsequences), they converge weakly in A4(R n ) to some /x, i/, concentrated on 
fl. That is: 


lim / </> 2 |Vufc | 2 da; = 

k^ooj n 

lim f (j> 2 \D{uk)\ 2 da; = 

Jn 


4> 2 d/x, 
(j) 2 dv. 


(4.1) 


V</> £ C c °°(R n ) 
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In particular, one has: 

(4.2) fi(0) = k(B) 2 , v(Q) = 1. 

We now assume that: 


(4.3) «(n) > «(R"), 

and derive a contradiction. We will distinguish two cases: when /x(fi) > 0 and 
/Lt(fi) = 0. 


2. First, notice that: 


(4.4) 


G C c c 


<jr d// < ft 


oW 


(fr dv. 


Indeed, for a given <f> as above consider the sequence Vk = (p u k G W 1,2 (f2,1"). 
Clearly Vk • ft = 0 on dQ and by Lemma 12. II we have: 


(4.5) 


- P in -f 


/ 

Jn 


l 2 ( n) 


< K(ft)||-D(%)IU 2 (fi)- 


Since Vu*, = </>Vufc + Uk ® V<^>, the sequence f n Vv k converges to 0 in R raxra by 
(i). The same convergence must be true for the respective sequence of projections. 
Similarly, lim^oo ||ufc <8) V0|| i 2(Q) = 0 by (i). Hence (14.51) . after passing to the 
limit with k —> oo yields: 


lim WVukW^n) < k(Q) lim \\<pD(u k )\\ L 2 (Q.), 

k—y oo k—y oo 

which in view of ED proves ED- 

Assume now that /x(fl) > 0. In this case we are ready to derive a contradiction. 
Let B be an open ball, compactly contained in H, with /i( B ) > 0. By (14.41) : 

(4.6) n(n\B) < K(fl) 2 iy(n\B). 

On the other hand, recalling the definition (11.41) and reasoning exactly as in the 
proof of (14.41) . we get: 

V0 G C“(B) [ (f 1 d/z < k(M”) 2 [ (f 2 d v, 

J B J B 

which implies: 

(4.7) n(B) < n(R n ) 2 v(B). 

Now, both sides of (14.71) are positive, so by (14.31) : n{B) < k{Q) 2 v(B). Together 
with (14.61) this yields: 

n(Cl) < K(H) 2 i/(fi), 

contradicting ED- 

3. It remains to consider the case /r(f X) = 0, when the measure n concentrates 
on dil, due to the lack of the equiintegrability of the sequence {|V«fe | 2 }^ 1 close 
to <9B. We will prove that: 

(4.8) n(dQ) < K,(R n ) 2 v(dn). 

Both sides of (14.81) are positive, and so (14.31) in view of the assumption /x(f1) = 0 
implies: 

= n(dn) < K(H) 2 i/(an) < k(b) 2 u(b), 
contradicting ED - This will end the proof of the theorem. 
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Towards establishing (14.811 . let 9 : [0,oo) —> [0,1] be a smooth, non-increasing 
function such that: 


9(t) = 1 for t £ [0,1], 0{t) = 0 for t > 2. 

Define: <j>k{x) = 9(kdist(x, dtt)). For large k we have cj) k £ C£°((dtt) e ) on a small 
open neighborhood (c>f2) e of dtt. By (14.Ill , for some increasing sequence {nk}kLi- 

(4.9) n(dQ)= lim ||</ fc Vu„ J| 2(n) , v(dd) = lim ||0feD(u„J||| 2(n) . 

To simplify the notation, we will pass to subsequences and write n k = k. 

Define the extension of Uk on (dtt) e by reflecting the normal components oddly 
and tangential components evenly, across dtt. That is, denoting by n : (dtt) e —> 
dtt the projection onto dtt along the normal vectors n, so that: 

(x — 7r(x)) || n(7r(x)) Vx £ ( dtt ) e , 
let, for all x £ ( dtt) e \ tt: 

u k (x) ■ n(w(x)) = —Uk(2n(x) — x) ■ n(w(x)), 

Uk(x ) • t = Uk( 27t(x) - x) ■ t Vt £ Tn( x )dtt. 

Since Uk ■ ft = 0 on dtt, the above defined extension Uk is still IT 1,2 regular. By 
El there holds: 


||V(0kMfc)||L2( R n) < K(R”)||D((/) fe 'U fc )|| i 2( R n). 

Again, by taking {n k } in (14.911 converging to oo sufficiently fast, we may without 
loss of generality assume that ||xifc||z, 2 (T 2 ) < 1/A; 2 . Therefore: 

(4.11) lim ||</fcV-u fc || i 2 (R n) < k(R”) lim ||</> fe D(u fc )|| i 2 (R n ) . 

k—too k—y oo 

Consider the quantity: 

1= lim \ / |</fcVu fc | 2 - / l^fcVztfcl 2 
°° ( J R"\n Jn 

After changing the variables in the first integral and noting that: 


det V(2 t(x) — x) = det ( 2 V 7 r(x) — Id) = —1 + 0(l)\x — 7 r(x)|, 


we obtain: 


1 = 


(4.12) 


lim / {|</ fe (x)Vu fe (27r(x) - x )| 2 - |</> fc (x)Vu fc (x)| 2 ) dx 


= lim / 

k—too J f2n{dist(x,5f2)<l/fc} 


||Vufe(27r(x) - x )| 2 - |Vw fc (x)| 2 | dx. 


The definition of extension (14.1011 yields now the following identities, for each x £ 
(dtt) e and each r,r] £ T n ^dtt: 


d T {u k ■ 7?)(27t(x) - x) = (l + £>(l)|x - 7 r(x)|^ d T (u k ■ rf)(x), 
dn(n(x))(uk ■ ??)( 2 tt(x) - x) = -d H( 7 r(x)) (u k ■ rj){x), 

d T (u k ■ n(7r(x))(27r(x) - x) = ( - 1 + 0(l)|x - 7r(x)|^9 r (ufe • ft( 7 r(x))(x), 
dn(*{x))(u k ■ n(7r(x))(27r(x) - x) = d n ^ (x)) (u k ■ n( 7 r(x))(x). 


(4.13) 
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Since rjd T Vk = d T {v k ri ) — Vkd T r 7, we see that equating the contribution of all com¬ 
ponents in (14.1211 and recalling (iii) we have: 

1 = 0 . 

In the same manner, (14.141) implies that \D(uk)(2n(x) — x)\ 2 equals to \D(u k ){x)\ 2 
plus lower order terms whose integrals on 14 D {dist(a;, 914) < 1 /k} vanish, as k —> 
00. Hence also: 


II = lim 

k—Yoo 


f \4>kD(uk)\ 2 — f \(/)kD(u k )\ 2 > = 0 . 
J R n \n in J 


Therefore: 

(4.14) 

Combining (|OH . (PI7TT1) with (POl) proves (Oil . 


lim ||0feVu fc ||i,2( R n) = 2 lim \\(t>k^u k \\ L ^(n), 

k ^00 k y 00 

lim ||</>fe£>(ufe)||i,2( H n) = 2 lim \\<f>kD{uk)\\ L 2 (n)- 

rC rOO K r OO 


Proof of Theorem 11.31 

It is enough to assume that Ho = 0. Let be a maximizing sequence 

of (11.31) . that is: u k £ kF 1,2 (f4, R n ), u k ■ n = 0 on 9f4, \\D(uk)\\L 2 (n) = 1 and 
limfc-xx) 11V Uk IP La Vu*. 11 ^2 — k(I4). 

By modifying u k we may, without loss of generality, assume that: 

(4.15) Pin ^ Vufc = 0, Jim ||Vufc||L2(n) = k(Q). 

Using Lemma 12.31 (after possibly passing to a subsequence), we have: 

(4.16) Uk — i u weakly in IU 1,2 (U,I n ), 

for some u satisfying u ■ n = 0 on dfl. 

We now show that (11.61) holds with Ho = 0. First of all, by applying Theorem ll.2l 
to the sequence {u k }, we see that u / 0. Further, (14.161) implies that F Ln f Vu = 
linifc^oo P Ls2 / Vu k = 0, so: 

(4.17) ||V«|| L 2 (n) <K(f2)||£>(«)|| i 2 (n) . 

Since F kn fV(uk — u) = 0, there also holds: 

||V(u fc - rt)IU 2 (n) < K(fl)\\D(u k - «)||z, 2 (fi). 

Squaring both sides of the above inequality, passing to the limit with k —> 00 and 
recalling (14.151) and (14.161) . we obtain: 

«(U) 2 - ||Vn|| 2 2 ( q) < «(U) 2 (l - ||D( U )|| 2 2 (n) ) . 

Together with (14.171) this proves: 

I|Vu||l2(q) = At(B)||.D(u)|| L 2( n ), 

yielding the result. ■ 


Proof of Theorem 11.41 

1. Let E be the set in (O). It is clear that u £ E implies Xu £ E, for all A £ R. 
If u±,U 2 £ E, then by Lemma 12.II 




= K(U)||H(u i )|| i 2 (n ) Vi =1,2. 


(4.18) 


i 2 (n) 
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On the other hand, by the linearity of the operator Pz, n and by m ,» 
(4.19) 


V(mi ± U2) — ^ Vui ± Pi n ^ Vu 2 ^ 


L 2 (Q) 


< K(fy\\D(ui ±u 2 ))||z,2 ( n). 


Squaring the two inequalities in (14.1911 and equating the terms from (14.1811 we 
obtain: 


/Vui - Pl„ -f Vui, Vu 2 - P Ln i Vu 2 \ = n{n) 2 (D(u 1 ), D(u 2 )) L 2 , n) ■ 

\ Jo Jo / L 2 (0) 

Therefore, (14.191) is actually true as the equality. We hence conclude that U 1 + U 2 £ 
E, proving that E is a linear space. 

The closedness of E follows by noting that if a sequence Uk converges to u in 
W 1,2 (0, R n ) then the minimizing matrices Pz, n f Vu/~ converge to P f Vu. 


2. To prove the second claim, we argue by contradiction. Assume that the 
space E is of infinite dimension. Then it admits a Hilbertian (orthonormal in 
W 1,2 (D, R n )) basis {uk}^ =1 - It is easy to see that there must be: 

(4.20) Uk ^ 0 weakly in W 1,2 (fi, R ra ). 


We now notice that: 


(4.21) 


liminf ||D(u fc )|| L 2 ( n) > 0. 


Because otherwise, by Korn’s inequality (11.211 there would be: 


lim inf 

k—t 00 


Vu*, 



= 0 , 

L 2 ( O) 


and since by (14.2011 lim^oo f Vuk = 0, there follows that lim inf k->oo ||Vufe||z y 2 (o) = 
0. In view of the Poincare inequality (|2.BI) . we hence obtain lim inf ||ufc||u/i, 2 (n) = 
0, in contradiction with the orthonormality of the sequence {ukj^Li- 


Define: Vk = Uk/\\D{uk)\\L 2 (o) ■ Clearly, there holds: 

\\D(vk)\\L 2 (0) = 1, ||Vufc|| L 2(Q) = k(D), 

and because of (14.2111 we also have: Vk —*■ 0 weakly in W 1,2 (fi,M"). By Theorem 
11.21 there follows k(D) = k(R") = \/2, which is a desired contradiction. ■ 


5. The optimal geometric rigidity constant in R 2 
To prove Theorems OlfHilfLTl we need some preliminary discussion. 

Lemma 5.1. Assume that w £ Lf oc (R") and Aw = 0. Ifw = f+g with f £ L 2 (R") 
and g £ L°°(R”), then w = const. 
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Proof. Fix £ 0 , 2/0 € R™. For any r > 0 we have: 
|w(# 0 ) - w(2/ 0 )| = 




1 

f 

1 B r (x 0) 

/ Br(yo) 

\ B r\ 

J B r (x 0 )AB r (y 0 ) 


< 


< 


< 


1 

\ B r\ J B r (x 0 )AB r (y 0 ) 

\B r (x 0 )AB r (y 0 )\ 1 / 2 
\B r \ 1 


I/I 


II 2 + 


— /' 

\\ B r\ J B r (x 0 )AB r {y 0 ) 
\B r (x 0 )AB r (y 0 )\ 


\ 9 \ 


1 |-Br(xo)A.B r (2/o)| 

\B r \ I B r \ 


\Br\ 

L 2 + N|l~) 


llslh 


where by A we denote the symmetric difference of two sets: B 1 AB 2 = {B\ \ B 2 ) U 
( B 2 \ B 1 ). The quantity in the first parentheses above clearly converges to 0 as 
r —> 00 . Therefore w(x 0 ) = w(yo), which achieves the proof. ■ 


Lemma 5.2. Let f £ L 2 (R 2 ,R 2x2 ) and let u £ VF ; ^(M 2 ,M 2 ) satisfy: 

(5.1) — A u = div f in 2?'(R 2 ). 

Then u can be decoupled as: 

(5.2) u = v + w; v,w £ Lf oc , Vd £ L 2 , Vw £ L 2 oc , —Aw = 0 in R 2 . 
Moreover: 

(5.3) Vu = lim X7v m strongly in L 2 ( R"), for some r m sC”(K 2 ,R 2 ). 

m—> 00 


Proof. For each m £ N, let v. 

£ Wf 1,2 

(5.4) 


be the solution to: 


0 {B m ) 


Vv m : V0 = / / : V0 


/ R 2 


V0 e 


whose existence and uniqueness follow from the Lax-Milgram theorem, together 
with: 

||Vu m || L 2 < ||/||i2( Bm ) < ||/||l2(R2). 

Therefore, passing to a subsequence: 

(5.5) Vv m —*• z weakly in L 2 (R 2 ) 


and also : 


(5.6) curl z = 0 in T>'(R 2 ). 

Condition m is now equivalent to: z = Vu. This can be seen, for example, 
via Helmholtz decomposition [BJ: 

z = zo + Vu; v £ Lf oc , Vv, z 0 £ L 2 , div z 0 = 0 in V'. 

Since from (15.61) also curl zo = 0, hence the components of Zo satisfy the Cauchy- 
Riemann equations, and therefore Azq = 0. Recalling that Zo £ L 2 (R 2 ) it follows 
by Lemma f5. II that zq = 0. Consequently, by (1531) : 

(5.7) Vu m ^Vv weakly in L 2 (R 2 ). 

Passing to the limit in (15.41) . we obtain: —Av = div / in V, hence - Aw = 0, for 
w = u — v and «E2D is proven. 
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Finally, by Mazur’s theorem and 63), Vu is the strong L 2 -limit of V5 m which 
are gradients of some finite (in fact, convex) linear combinations v m of u m . Clearly, 
each v m £ Wl' 2 (B rm ) and the result in (15.31) follows by density of Cf°(B rm ) in 

K 2 (BrJ. ■ 


Remark 5.3. Note that one can directly show that Vu m in Lemma 15.21 converges 
strongly in L 2 (R 2 ). Let k > m. Extending v m by zero to R 2 , so that v m £ 
W 0 ’ ( B/,), and taking <f> = v m in the equation (15.41) written for 14 ., we get: 

I = / f '■ = I f • = I |^^m| • 

J Bk J Bk J B-m J B m 

The last equality above follows by taking f> = v m in the equation (15.41) written for 
v rn . Now, passing m —> 00 implies, by the weak convergence in (15.51) : 

lim f |Vw m | 2 = / Vn fe : Vv. 

m ^°° J R2 Jr 2 

Finally, passing k —> 00 yields: 

lim [ |Vv m | 2 = [ |Vu| 2 . 

m ^°° J r 2 Jr 2 

The claim m now follows, since convergence of norms in presence of the weak 
convergence implies strong convergence in L 2 (R 2 ). 


Lemma 5.4. Let u £ W^(R 2 ,R 2 ) and Vu £ L 2 (R 2 ). Then: 

(5.8) [ det Vu = 0. 

Jr 2 


Proof. Since A u = div Vu in 2?'(R 2 ) we may apply Lemma lST^l to / = Vu £ L 2 (R 2 ) 
and write u = v + w satisfying (15.21) . Since Aw = 0 and Vu: = Vu — Vu £ L 2 (R 2 ), 
it follows from Lemma 15.11 that Vru = 0 and hence by (15.31) : 

Vu = Vu = lim Vv m strongly in L 2 (R 2 ), for some v m £ C))°(R 2 ,R 2 ). 


It remains to prove ((5.81) for u £ C£°, which is a standard argument. Let supp u C 
B r . We have: 


/ detVu= f (diu 1 d- 2 U 2 ~ d\u 2 d 2 u}) 

Jr 2 j B r 

= f (di(u 1 d2U 2 ) — d2(v}d\u 2 )) = f (u 1 ^^ 2 , u 1 9iu 2 )n = 0, 

J Br JdBr 


where we used integration by parts and the divergence theorem. 


We finally need to recall the conformal-anticonformal decomposition of 2 x 2 
matrices. Let R 2x2 and R 2x2 denote, respectively, the spaces of conformal and 
anticonformal matrices: 


I>2x2 


a b 
—b a 


a,b £ 


I>2x2 


a b 
b —a 


a,b £ 


It is easy to see that R 2x2 = R 2x2 © R 2x2 because both spaces have dimension 2 
and they are mutually orthogonal: A : B = 0 for all A £ R 2x2 and B £ R 2x2 . 
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For F = [Fij]ij : 1,2 G R 2x2 , its projections F c on R 2x2 , and F a on R 2x2 are: 


1 

i^ll + F 2 2 F\2 — F 2 1 

F a = - 

Fll — F 2 2 F\2 + F 21 

2 

F 2 1 — Fi2 Fh + F 2 2 

2 

F 12 + F 21 F 22 — Fn 


It follows that: 

(5.9) F = F C + F a and |F| 2 = |F C | 2 + |F a | 2 

and, by a direct calculation: 


(5.10) 

Since 50(2) = j 

(5.11) 

which implies: 

(5.12) 

Finally, recall that 


detF = 2(|F c | 2 -|F a | 2 ). 


cos 9 — sin 9 
sin 9 cos 9 


9 G [0, 2t r) 


C R 2x2 , it also follows that: 


dist(F,50(2)) > dist(F,R 2x2 ) = |F Q | 


|cof F-F | = |- 2F Q | < 2dist(F, 50(2)). 
the cofactor matrix in dimension 2 is given by: 


cof F = 


F;2 — F'2i 

—F 12 i'll 


We now state the following first result towards proving Theorem 1 1.5 1 


Lemma 5.5. Let u G W^(M 2 ,R 2 ) and assume that dist(Vu, 50(2)) G L 2 (R 2 ,R). 
Then there exists Rq G 50(2) such that: 



|Vu(x) 


Ro\ 2 dx < 2 f dist 2 (Vu(x), 50(2)) dx. 

J R 2 


Proof. From the assumption dist(Vu, 50(2)) G L 2 (R 2 ) and (15.1211 we deduce: 

/ := cof Vit — Vu G L 2 (R 2 ). 

Taking divergence of / and recalling that div cof Vu = 0 we obtain that —A u = 
div /. In view of Lemma 15.21 we now write: 

(5.13) u = v + u> 
where v and w satisfy m ■ We now prove that: 

(5.14) S7w = R 0 G 50(2). 


For e > 0 sufficiently small, define: 

_/ T i = / Pso( 2 )Vu(x) if dist(Vu(x), 50(2)) < e 
’ \ Id otherwise 

Then: 

(5.15) \7w=g + h] j G L°°(E 2 ) and ft G i 2 (l 2 ). 

The assertion h = Vw — g = Vu — j +Vw G L 2 (R 2 ) follows from the assumption 
dist(Vit, 50(2)) G L 2 (R 2 ) as follows. We already know that Vu G L 2 (R 2 ) by (15.131) . 
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For hi = Vu — g note that \hi(x)\ = dist(Vu, 50(2)) when dist(Vu(:r), 50(2)) < e, 
while when dist(Vu(x), 50(2)) > e, we have: 


|/ii(x)| = |Vu(a;) — Id| < dist(V«(a;), 50(2)) + diam(50(2)) 
< ^1 + diam (^°( 2 )) ^ dist(Vit(a:), 50(2)). 


Since Vw is harmonic in R 2 , (15.1511 implies that Viu = Rq is constant by Lemma 
15.11 But dist(i?o, 50(2)) < dist(Vu, 50(2)) + |Vu| G L 2 (R 2 ), so Rq € 50(2) and 
(15.14[) is now established. 

By (15.1411 and (I5.13[) we have: 

(5.16) Vu = Vv + R 0 . 

Since f detVv = 0 by Lemma 15.41 we obtain by (15.101) : 


(5.17) [ |(Vp) c | 2 =/ |(Vc)T. 

JR 2 JR 2 

Consequently: 

J \Vu-Ro\ 2 = j |Vp)| 2 = J |(Vv) c | 2 + J |(Vr) a | 2 = 2 J |(Vu) a | 2 

= 2 J |(Vi> + i?o) Q | 2 < 2 J dist 2 (Vi> + Ro, 50(2)) 

= 2/ dist 2 (Vw, 50(2)), 

Jr 2 

where we used (15.161) . (15.91) . (15.171) . (15.111) and the fact that (Ro) a = 0. This 
achieves the proof. H 


Proof of Theorem 11.61 

1. Without loss of generality we may assume that Rq = Id. We shall look for a 
function u G W^’ 2 (1R 2 ,K 2 ) such that: 


(5.18) Vu(x) = R(a{x)) + 


a(x) b( x) 

b(x) —a(x) ’ 


with R(a ) 


cos a — sin a 
sin a cos a 


and: 


(5.19) Vu(x) — Id G L 2 (R 2 ) 

Indeed, note that by Lemma fTTl (15.191) and (15.101) : 

[ |(Vm) c — Id| 2 = f |(Vu)“| 2 . 
Jr 2 Jr 2 

Hence, by (15.91) : 


[ |Vit — Id| 2 = 2 / |(Vu)“| 2 = 2 /" 
Jr 2 Jr 2 Jr 2 


dist 2 (Vu, 50(2)). 


because (Vit) c = R(a) G 50(2). Since (Vm)“ 
Jr 2 dist 2 (Vu, 50(2)) = 2 J R2 (a 2 + 6 2 ). 


a b 
b —a 


it also follows that 





























16 


MARTA LEWICKA AND STEFAN MULLER 


On the other hand, there is always the unique rotation R which makes the 
quantity in the left hand side of (11.101) finite: 

[ |Vit — R\ 2 > 7 - /" \R-ld\ 2 -[ |Vu — Id| 2 . 

Jr 2 2 J R 2 Jr 2 

This proves the theorem, provided (15.181) and (15.191) hold. 

2. We shall show that for any a £ L 2 (R 2 ,R) there exists a vector field g = 
( a,b) T £ L 2 (R 2 ,R 2 ) satisfying (15.181) . Then (15.191) will follow automatically, as: 


J | R(a) — Id | 2 =2 J (cos a — l ) 2 + (sin a ) 2 = 2 J (2 — 2 cos a) <2 J 


ot\ 


The last inequality above follows by noting that the function a £■ a 2 + 2 cos a — 2 
attains its minimum value 0 at a = 0 , since (a 2 + 2 cos a — 2 )' = 2 (a — sin a) is 
positive for a > 0 and negative for a < 0 . 


Fix a £ Id 


. The map u £ W L 


1 , 2 / 


and only if the right hand side in ( 11 . 111 ) is curl-free, i.e.: 

in V 


with Vit of the form ( 11 . 111 ) exists if 


(5.20) 

where: 


curl g = div / 
div g = curl / 


/ = (sina, cosa — 1) T £ L 2 (R 2 ,R 2 ). 
The system (15.201) can be solved by Fourier transform, namely: 

(5.21) g = F~\h) 




x 


where x 1 - = (— X 2 ,Xi). Here T stands for the Fourier transform of L 2 (R 2 ,C) and 
we identify the complex variable functions with the Revalued vector fields. 

Note that from (15.211) it follows that: 


(5.22) 


Mx £ 


= (T(f)(x),x) 

(T(g){x),x) = —(J : (f)(x),x- L ) 


which precisely implies (15.201) . Therefore, for every / £ L 2 (R 2 ) there exists a unique 
g £ L 2 (R 2 ) solving (15.201) . This achieves the proof of the theorem. Moreover: 


IMU 2 = INU 2 = ll-H/Olli 2 = 

by Plancherel identity and by inspecting (15.211) . 


|L 2 > 


This concludes the proof of Theorem 1 1.5 1 as well. In view of the argument in the 
above proof, Theorem 1 1.71 will follow in view of: 

Lemma 5.6. If J |Vu — i?o | 2 = 2 f dist 2 (Vu, S l O(2)) < 00 then X7u must be of the 
form \5.18\) with R(a) — Rq £ L 2 (R 2 ). 

Proof. Note that bv (15.91) : |Vu — i ?| 2 = |(Vit) c —1 ?| 2 + |(Vu ) a | 2 for any R £ 50(2). 
Hence taking infimum over all rotations, we get: 

(5.23) dist 2 (Vu, SO{ 2)) = dist 2 ((Vu) c , 50(2)) + |(Vu) a | 2 . 

In particular: 


(Vu) a £ L 2 (R 2 ). 
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Further, by (15.101) and Lemma EU 

I \(Vu) c -R 0 \ 2 = I |(Vu)“| 2 . 

Therefore, by (15.91) and (15.231) : 

j\iyur-M 2 = \ J |Vu — i? 0 | 2 = J dist 2 (Vu, 50(2)) 

= j dist 2 ((Vu) c , 50(2)) + J |(Vu) a | 2 
= J dist 2 ((Vu) c , 50(2)) + J |(Vu) c — i? 0 | 2 , 

which implies that / dist 2 ((Vu) c , 50(2)) = 0 and hence: (Vm(i)) c e 50(2) for a.e. 
x. Consequently, Vu has the form in (15.181) and: 

R(a) -Rq = Vu -Ro- (Va)“ e L 2 (M 2 ) 

by (15.231) . ■ 
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